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THE CONTACT STRUCTURE ON THE SPACE OF NULL
GEODESICS OF CAUSALLY SIMPLE SPACETIMES
JAKOB HEDICKE
Abstract. It is shown that the space of null geodesics of a star-shaped
causally simple subset of Minkowski space is contactomorphic to the canonical
contact structure in the spherical cotangent bundle of Rn. In the 3-dimensional
case we prove a similar result for a large class of causally simple contractible
subsets of an arbitrary globally hyperbolic spacetime applying methods from
the theory of contact-convex surfaces. Moreover we prove that under certain
assumptions the space of null geodesics of a causally simple spacetime embeds
with smooth boundary into the space of null geodesics of a globally hyperbolic
spacetime. The characteristic foliation of this boundary provides an invariant
of the conformal class of the causally simple spacetime.
1. Introduction
Consider a Lorentzian spacetime (M, g). The associated space of (future point-
ing) null geodesics Ng is constructed in [20, 10] as the quotient of the submanifold
of future pointing null covectors in T ∗M by the actions induced by the canonical
Liouville covector field and the co-geodesic flow. If this space is a smooth manifold
the kernel of the canonical Liouville form on T ∗M projects to a contact structure ξg
on Ng, see [20, 10, 1]. Although Ng has a smooth structure for all strongly causal
spacetimes ([20]) in many cases it fails to have the Hausdorff property. In [10] it
was shown that (Ng, ξg) is a smooth contact manifold if (M, g) is causally simple
and admits an open conformal embedding into a globally hyperbolic spacetime.
For a globally hyperbolic spacetime with spacelike Cauchy hypersurface Σ this
contact structure is always contactomorphic to the unit cotangent bundle of (Σ, h|TΣ)
with its standard contact structure induced by the Liouville form on TΣ, as shown
in [20]. Up to now all known causal examples are of this type. Based on the result
in [10] the question arises if the contact structures in the causally simple case are
as well contactomorphic to some spherical cotangent bundle of a smooth manifold
with its canonical contact structure.
If the spacetime (M, g) embeds into a globally hyperbolic spacetime (N,h) of
the same dimension and (N,h) admits a complete conformal vector field, Theo-
rem 2.3 shows using results from [4] that under certain assumptions (Ng, ξg) is
contactomorphic to (Nh, ξh).
Theorem 2.8 implies that in many cases the boundary of Ng considered as a
subset of Nh is a convex surface in the sense of [7] if N is 3-dimensional. In this
case Theorem 2.9 provides results similar to Theorem 2.3 if (M, g) embeds as a
certain contractible subset into (N,h). The proof uses techniques from the theory
of convex surfaces that allow to classify contact structures on open subsets with
convex boundary (see [8], [12]). In particular it follows that the boundary of Ng
in Nh is smooth. This allows to look at the characteristic foliation of ∂Ng induced
by the contact structure ξh. Applying Proposition 2.10 we show in Section 4 how
Date: February 11, 2020.
This research is supported by the SFB/TRR 191 “Symplectic Structures in Geometry, Algebra
and Dynamics”, funded by the Deutsche Forschungsgemeinschaft.
1
ar
X
iv
:2
00
2.
03
94
9v
1 
 [m
ath
.D
G]
  1
0 F
eb
 20
20
2 JAKOB HEDICKE
the characteristic foliation on this boundary can be used to distinguish different
conformal classes of causally simple Lorentzian metrics on M if (N,h) is the 3-
dimensional Minkowski space.
2. Main results
Let M be a smooth manifold and g a Lorentzian metric, i.e. a non-degenerate
symmetric (0, 2)-tensor field of signature (−,+, · · · ,+). We call v ∈ TM \ {0}
timelike if g(v, v) < 0, lightlike or null if g(v, v) = 0 and v 6= 0, causal if v is
timelike or lightlike and spacelike if g(v, v) > 0 or v = 0. A time-orientation on
M is the choice of a timelike vector field X on M . A causal vector is called future
pointing with respect to a chosen time orientation if g(v,X) ≤ 0, else it is past
pointing.
Following [22] define a spacetime to be a connected and time-oriented Lorentzian
manifold. Given a spacetime (M, g) denote by Ng its space of future directed null
geodesics (up to affine re-parametrisation), i.e. the space of inextendible future
directed curves γ that satisfy the geodesic equation and g(γ′, γ′) = 0.
A natural topology on this space can be obtained as follows ([18], [10]): Let
L∗M := {θ ∈ T ∗M \ {0}|θ = g(v, ·), v is future pointing, null}
be the set of all future pointing null covectors. Then Ng can be identified with the
quotient of L∗M with respect to the geodesic flow and the flow of the canonical
Liouville covector field. As shown in [18] the quotient map i : L∗M → Ng naturally
endows Ng with a topology.
The sky of a point p ∈M is the set of [γ] ∈ Ng such that p lies on γ.
If (M, g) is strongly causal Ng inherits a smooth structure (see [22] for the
definitions of the causal hierarchy). Note that this smooth structure is in general
not Hausdorff. In [19] Low showed that the Hausdorff property is equivalent to the
null pseudo-convexity of (M, g).
Example. i) In the case when (M, g) is globally hyperbolic with Cauchy hy-
persurface Σ one can easily show that Ng ∼= ST ∗Σ (see [20]). Thus for
globally hyperbolic spacetimes Ng is always a smooth manifold.
ii) Consider the Minkowski space R1,n, i.e. Rn+1 with Minkowski metric η =
−dx20+dx21+· · ·+dx2n for the standard coordinates (x0, · · · , xn). Removing a
point p ∈ R1,n one obtains a strongly causal spacetime such that its space of
null geodesics is not Hausdorff: Every sequence of null geodesic converging
to a null geodesic through p has two limits.
Example ii) shows that strong causality is not enough to ensure that the space
of null geodesics is a smooth manifold, since the Hausdorff condition is violated.
In the case when (M, g) embeds into a globally hyperbolic spacetime of the same
dimension the following theorem holds, see [10]:
Theorem 2.1. Let (M, g) be a causally simple spacetime that embeds with an
open conformal embedding into a globally hyperbolic spacetime (N,h). Then Ng is
Hausdorff.
Remark. In [28, Theorem 2] it is stated that for strongly causal (M, g) the Hausdorff-
property of Ng implies that (M, g) is causally simple.
A contact manifold is a smooth manifold M2n+1 with a smooth hyperplane dis-
tribution ξ ⊂ TM that is maximally non-integrable, i.e. locally ξ is the kernel of a
1-form α such that α∧(dα)n is a volume form. If α is globally defined, it is a contact
form for ξ. We say that two contact manifolds (M1, ξ1) and (M2, ξ2) are contacto-
morphic, if there exists a diffeomorphism f : M1 → M2 such that df(ξ1) = ξ2. A
contact vector field is a vector field such that its flow consits of contactomorphisms.
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Given a contact form α, the Reeb vector field of α is uniquely defined by
α(Rα) = 1
dα(Rα, ·) = 0.
Moreover, for any smooth function f there exists a unique contact vector field Xf
called the contact Hamiltonian vector field defined by
α(Xf ) = f
dα(Xf , ·) = df(Rα)α− df.
For a detailed overview on contact geometry see for example [6].
Example. Consider a Riemannian manifold (Σ, k).
Let λ be the canonical Liouville form on T ∗Σ defined by
λθ(v) := θ(dpi(v)),
where pi : T ∗Σ→ Σ denotes the canonical projection. Denote by
ST ∗Σ := {θ ∈ T ∗Σ|k∗(θ, θ) = 1}
the unit cotangent bundle. Then one can show that ξst := ker(λ|ST∗Σ) defines a
contact structure on ST ∗Σ (see [6]). Moreover, the unit cotangent bundles defined
by two different Riemannian metrics on Σ are contactomorphic.
As mentioned above, the space of null geodesics, provided it is a smooth manifold,
naturally carries a contact structure: Let (M, g) be a spacetime such that Ng is
a smooth manifold. Although the projection map i : L∗ → Ng does not map the
Liouville form to a well-defined 1-form, the kernel of λ|L∗M projects to a contact
structure ξg on Ng(see [18]).
As mentioned before, in the globally hyperbolic case (Ng, ξg) is always contac-
tomorphic to (ST ∗Σ, ξst), where Σ ⊂M is an arbitrary Cauchy surface. The main
goal of the following results is to analyse the contact structure in the cases other
than globally hyperbolic spacetimes.
Since the image of null geodesics is invariant under conformal maps (see e.g.
[2]) one can show that the space of null geodesics and its contact structure are
invariant under conformal diffeomorphisms, i.e. a conformal diffeomorphism of the
underlying Lorentzian manifold induces a contactomorphism of its space of null
geodesics. In view of this property, one can construct the space of light rays for the
conformal class of a Lorentzian metric as the space of images of null geodesics. The
space of light rays naturally carries a contact structure and is contactomorphic to
the space of null geodesics of every element of the conformal class (see [1]).
The conformal invariance of the space of null geodesics relates the following
definition with the notion of a contact star-shaped subset (see [4]):
Definition 2.2. Let (M, g) be a spacetime. A conformal Killing vector field
is a vector field on M whose flow consits of conformal diffeomorphisms.
We call a relatively compact open subset U ⊂ M conformally star-shaped
if there exists a complete conformal Killing vector field X such that the following
conditions hold:
• Every flow line of X intersects ∂U at most once.
• ⋃
t≥0
ϕXt (U) = M .
Example. Consider the (n + 1)-dimensional Minkowski space R1,n. The map
fs : Rn+1 → Rn+1, (t, x) 7→ (est, esx) for s ∈ R defines a complete conformal
flow on R1,n. Given any relatively compact star-shaped open set U ⊂ Rn+1 con-
taining the origin we have
⋃
s≥0
fs(U) = Rn+1. Up to translation we can assume that
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U is centred at the origin. Then every ray in Rn+1 starting at 0 intersects ∂U in a
unique point, i.e. U is conformally star-shaped in R1,n.
For a subset U of a globally hyperbolic spacetime (N,h) denote the metric in-
duced on U by gU := h|U and its space of null geodesics by (NU , ξU ). Moreover,
denote by iU : U → N the inclusion map and by ιU : NU → Nh the induced map
on the spaces of null geodesics sending a null geodesic in U to its extension in N .
Theorem 2.3. Let (N,h) be a globally hyperbolic spacetime with Cauchy surface
Σ. Let U ⊂ N be conformally star-shaped such that the map ιU is an embedding.
Then
(NU , ξU ) ∼= (Nh, ξh) ∼= (ST ∗Σ, ξst).
Example. There exist causally simple subsets M of a globally hyperbolic spacetime
(N,h) such that ιM is not injective. Consider N = R × Sn with the metric h =
−dt2+gst, where gst is the standard Riemannian metric on Sn of constant curvature
1. LetM = R×H, where H denotes a hemisphere of Sn. Then (M,h|M ) is causally
simple because(H, gst|H) is geodesically convex (see [10]), but all null geodesics in
N except those projecting to the equator intersect M infinitely many times. Note
that NM is diffeomorphic to Rn × Sn−1, i.e. to the co-sphere bundle of Rn. Given
a null geodesic [γ] in Nh every intersection point of γ with ∂M uniquely determines
an element in NM . Thus NM is determined by the union over all t ∈ R of the unit
tangent vectors of T ({t} × ∂H) pointing into {t} × ∂H. For p ∈ ∂H ∼= Sn−1 the
set of unit tangent vectors pointing into H is diffeomorphic to Rn−1, i.e.
NM ∼= R × ∂H × Rn−1 ∼= Rn × Sn−1.
Corollary 2.4. Let U ⊂ R1,n be a causally simple and star-shaped open subset.
Then
(NU , ξU ) ∼= (Nη, ξη) ∼= (ST ∗Rn, ξst).
Proof. Due to Example 2 and Theorem 2.3 the corollary is true for relatively com-
pact star-shaped subsets of R1,n.
Let U be an arbitrary star-shaped open subset of R1,n. Then U can be con-
formally embedded into a causal diamond, i.e. the domain of dependence of a
unit circle in {0} × Rn (see e.g. [24]). The image of this embedding is relatively
compact and star-shaped in R1,n, i.e. its space of null geodesics is contactomor-
phic to (Nη, ξη). The conformal embedding of U induces a contactomorphism
(NU , ξU ) ∼= (Nη, ξη) 
Definition 2.5. Let (N,h) be globally hyperbolic. We call an open relatively com-
pact subset K ⊂ N strongly null convex if the following conditions are satisfied:
1) The map ιK : NK → Nh is an embedding.
2) ∂K is the level set of a smooth function H such that H is regular near ∂K
and Hessh(H)(v, v) 6= 0 for all v ∈ LN ∩ T∂K.
3) every null geodesic tangent to ∂K intersects ∂K in a unique point.
Given a surface F in a 3-dimensional contact manifold (M, ξ) its characteristic
foliation is the singular foliation defined by the singular line bundle ξ ∩ TF . This
singular line bundle can be defined by a vector field vanishing at the singular points,
i.e. for all p ∈ F such that TpF = ξp (see [6]).
To analise the contact structure for causally simple subsets of a 3-dimensional
globally hyperbolic spacetime, we will use results from the theory of convex surfaces
introduced by Giroux [7].
Definition 2.6. A closed surface F ⊂ (M, ξ) in a 3-dimensional contact manifold
is called convex if there exists a neighbourhood U of F and a contact vector field
Y ∈ Γ(TU) transverse to F .
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The dividing set of F is the multi curve
ΓY := {x ∈ F |Yx ∈ ξx}.
Note that ΓY is a collection of smooth circles in F . Moreover ΓY is always
transverse to the characteristic foliation (see e.g. [7], [5]). The dividing set divides
the characteristic foliation in the sense of [6, Definition 4.8.3]. In particular this
property does not depend on the choice of the transverse contact vector field.
Giroux in [8] and Honda in [12] were independently able to classify contact
structures on solid tori with convex boundary. It turns out that the geometry of a
solid torus with convex boundary only depends on the dividing set of the boundary
and not on its characteristic foliation.
Proposition 2.8 and the results by Giroux, Honda , Kanda and Makar-Limanov
([8], [12], [14], [21]) provide a method to compare the contact structure of different
causally simple (possibly non conformally star-shaped) subsets in the 3-dimensional
case.
Let (N,h) be a 3-dimensional globally hyperbolic spacetime. Consider a strongly
null convex subset K ⊂ N . Denote by TK , LK and SK the timelike, lightlike and
spacelike part of ∂K, i.e.
TK := {p ∈ ∂K : h|Tp∂K×Tp∂K is a Lorentzian metric}
LK := {p ∈ ∂K : h|Tp∂K×Tp∂K is degenerate}
SK := {p ∈ ∂K : h|Tp∂K×Tp∂K is a Riemannian metric}.
For a strongly null convex K denote by L∂K the set of future pointing null
vectors tangent to ∂K. The canonical Liouville vector field on TM induces an
R>0-action on L∂K whose quotient we denote by L∂K/R>0. There is a natural
bijection σ : ∂NK → L∂K/R>0 mapping [γ] ∈ ∂NK to the equivalence class of
γ′ ∩ T∂K.
Proposition 2.7. Let K be strongly null convex. Then σ is a diffeomorphism
between smooth manifolds. Moreover the part of ∂NgK where the characteristic
foliation is not singular defines a two fold cover over TK . The leaves of the char-
acteristic foliation project to smooth lightlike curves on ∂K and the foliation is
singular at a geodesic [γ] if and only if γ intersects LK .
Theorem 2.8. Let K ⊂ (N,h) be strongly null convex. Then ∂NgK is a convex
surface in Nh.
Question. In all known examples of strongly null convex contractible subsets K of
a 3-dimensional globally hyperbolic spacetime, the timelike and lightlike boundary
are similar to the one of the open unit ball in R1,2 (see Figure 1). Therefore
one could ask the question if for arbitrary contractible strongly null convex K, TK
is diffeomorphic to R × S1 and LK consists of two embedded circles that are the
boundary of TK .
Theorem 2.9. Let K be a strongly null convex subset of a 3-dimensional globally
hyperbolic spacetime. Assume that K is contractible through causally simple subsets,
TK is diffeomorphic to R × S1 and that LK consists of two embedded circles that
are the boundary of TK . Then
(NK , ξK) ∼= (ST ∗R2, ξst).
Remark. In all known examples of contractible strongly null convex subsets K of a
3-dimensional globally hyperbolic spacetime, all connected components of the bound-
ary of ∂NgK are diffeomorphic to a convex torus with two circles of singularities
as described in [5, Example 2.27] (see also Figure 1). The assumption that K is
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contractible is necessary, since in general the topology of NgK can differ depending
on the topology of K:
Consider (Rn\{0}, g), where g is a complete Riemannian metric on Rn\{0} that
coincides with the euclidean metric outside of Bn1
2
(0), the (euclidean) ball of radius
1
2 . Let (N,h) := (R×Rn \ {0},−dt2 + g) and K := Bn+1(0) \ ({0}× (−1, 1). Then
K is strongly null convex in N and the timelike/lightlike part of ∂K are identical
to the one of Bn+1(0) in Minkowski space.
While the space of null geodesics of NBn+1(0) ∼= Rn × Sn−1 due to Theorem 2.3,
NK is diffeomorphic to (Rn \ {0})× Sn−1: The flow defined in Example 2 defines
a conformal flow on (N,h), i.e. K is conformally star-shaped.
Proposition 2.10. Let i1 : (M, g1) → (R1,2, η), i2 : (M, g2) → (R1,2, η) be confor-
mal embeddings into Minkowski space. Assume that i1(M) and i2(M) are strongly
null convex. If there exists a conformal diffeomorphism F : (M, g1) → (M, g2)
then there is a contactomorphism ϕ : (Nη, ξη) → (Nη, ξη) such that ϕ(∂Ni1(M)) =
∂Ni2(M), i.e. the characteristic foliations induced by ξη on ∂Ni1(M) and ∂Ni2(M)
coincide.
Proof. The map i2 ◦ F ◦ i−11 |i1(M) defines a conformal diffeomorphism from i1(M)
to i2(M). As a conformal map between open subsets of R1,2, F can be extended up
to a closed set of singularities to all of R1,2 (see e.g. [15, 23]): Every conformal map
on a connected open subset of R1,2 is a composition of dilatations, translations,
elements of O(1, 2) and maps of the form
x 7→ x− η(x, x)b
1− 2η(x, b) + η(x, x)η(b, b) ,
where b ∈ R3 is fixed. Since i1(M) and i2(M) are relatively compact, there ex-
ist open neighbourhoods U, V of i1(M) and i2(M) such that F |U : U → V is a
conformal diffeomorphism. Hence F |U lifts to a contactomorphism of open neigh-
bourhoods of Ni1(M) and Ni2(M) such that ∂Ni1(M) is mapped to ∂Ni2(M). This
contactomorphism can be extended to Nη. 
In section 4 we construct a Poincaré return map that serves as an invariant of the
characteristic foliation of ∂NK for certain strongly null convex K ⊂ R1,2. In many
cases this invariant is easy to compute and can be used together with Proposition
2.10 to distinguish conformal classes of subsets of Minkowski space.
3. proofs
3.1. Proof of Theorem 2.3. Let (N,h) be globally hyperbolic and U ⊂ (N,h) be
conformally star-shaped. Denote with (NU , ξU ) its space of null geodesics. Assume
(NU , ξU ) is an open subset of (Nh, ξh).
Following [4] define a relatively compact open subset V ⊂ Nh to be contact star-
shaped if there exists a complete contact vector field Y (i.e. its flow ϕYt consists of
contactomorphisms) such that
• Every flow line of Y intersects ∂V at most once.
• ⋃
t≥0
ϕYt (V ) = Nh.
Denote Vt = ϕYt (V ).
To show that (NU , ξU ) is contactomorphic to (Nh, ξh) we follow the proof in [4,
Proposition 3.1]:
Lemma 3.1. Let a < b and c < d be real constants. Then there exists a contacto-
morphism Φc,da,b : Nh → Nh that coincides with ϕYc−a on a neighbourhood of ∂Va and
with ϕYd−b on a neighbourhood of ∂Vb.
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Proof. Assume a = c, the general case follows by taking Φc,da,b = ϕ
Y
c−a ◦ Φa,ba,d−c+a.
Choose a contact form α for ξh. Let a < q1 < q2 < min{b, d}. Since ϕYt is complete
and V is relatively compact it follows that Vq1 ⊂ Vq2 . Hence one can find a smooth
function F on Nh such that F ([γ]) = 0 for [γ] ∈ Vq1 and F ([γ]) = α(Y ) for [γ] /∈ Vq2 .
Then Φa,da,b can be defined as the flow of the contact Hamiltonian vector field of F
at time d− b. 
Lemma 3.2. Let V ⊂ Nh be contact star-shaped. Then V is contactomorphic to
Nh.
Proof. Let (sn), (rn) be strictly increasing sequences such that sn → −1 and rn →
∞. Due to the previous Lemma a contactomorphism from V to Nh is given by
ϕ([γ]) =
 ϕ
Y
r1−s1([γ]) for [γ] ∈ Vs1
Φ
rn,rn+1
sn,sn+1([γ]) for [γ] ∈ Vsn+1 \ Vsn
.

Lemma 3.3. Let U ⊂ (N,h) be conformally star-shaped such that NU ⊂ Nh is
open. Then NU is contact star-shaped in Nh.
Proof. Since conformal maps between spacetimes lift to contactomorphisms of their
spaces of null geodesics, the conformal Killing vector fieldX defines a contact vector
field X on Nh with a complete flow. Obviously⋃
t≥0
ϕXt (U) = Nh.
Assume there exists a [γ] ∈ ∂NU and t0 > 0 such that ϕXt0([γ]) ∈ ∂NU . Then one
can find a point p on γ such that ϕXt0 ∈ ∂U . But this implies that p ∈ U , i.e.
[γ] ∈ NU contradicting [γ] ∈ ∂NU . This shows that every non constant flow line
intersects ∂NU at most once. 
3.2. Proof of Proposition 2.7 and Theorem 2.8.
Lemma 3.4. Let (N,h) be a globally hyperbolic spacetime and K ⊂ N be strongly
null convex. Then ∂NK ⊂ Nh is smooth.
Proof. By definition NK is an open subset of Nh, i.e it is a smooth manifold.
Let H : N → [−1, 1] be smooth and regular near ∂K = H−1(0). Assume that
Hessh(H)(v, v) 6= 0 for all v ∈ LN ∩ T∂K and that H(K) > 0 and H(N \K) < 0.
Choose  > 0 such that U := H−1((−, )) is a tubular neighbourhood of ∂K and
Hessh(H)(v, v) 6= 0 for all v ∈ LU with dH(v) = 0.
Claim: The map
G : Nh → [−1, 1]
[γ] 7→ sup
p∈γ
H(p)
is smooth near ∂NK .
Denote by Nh(U) the set of null geodesics in N intersecting U . Note that NU
is in general not the space of null geodesics of U . This is only the case if the
map ιU : Nh|U → Nh induced by the inclusion map is an embedding. Since K is
relatively compact, for [γ] ∈ Nh(U) there exists a t0 such that H(γ(t0)) = G([γ]).
Note that at γ(t0) one has
dH(γ′(t0)) =
d
dt
|t=t0H(γ(t)) = 0 = h(gradh(H), γ′(t0)),
i.e. γ′(t0) is tangent to H−1(c) for some c ∈ (−, ).
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Let [γ0] ∈ ∂NK . Clearly γ0 is tangent to ∂K at a point γ0(t0). Moreover due to
property 3) in Definition 2.5 H(γ0(t0)) is the unique global maximum of H along
γ0, i.e. G([γ0]) = H(γ0(t0)) = 0. Take a globally hyperbolic open neighbourhood
V ⊂ U around γ(t0). Then NV ∼= STΣ, where Σ is a Cauchy hypersurface in V .
W.l.o.g assume that γ(t0) ∈ Σ and the orthogonal projection of γ′(t0) to Σ lies in
STΣ.
Choose δ > 0 such that γv(t) ∈ U for all v ∈ STΣ and t ∈ (−δ, δ), where γv
denotes the geodesic induced by v ∈ STΣ. Define a smooth function
f : (−δ, δ)× STΣ→ R
(t, v) 7→ h(gradh(H), γ′v(t)).
For a non-trivial smooth family ts ⊂ (−δ, δ) one has
d
ds
|s=0f(ts, v) = d
ds
|s=0(ts)Hessh(H)(γ′v(t0), γ′v(t0)) 6= 0.
Hence df(t,v) 6= 0 for all (t, v) ∈ (−δ, δ) × STΣ. Therefore f−1(0) is a smooth
co-dimension 1 submanifold of (−δ, δ)×STΣ containing γ′0(t0). Note that property
2) in the definition of strongly null convex ensures that f−1(0) is transverse to the
(−δ, δ) component near γ′(t0).
Let [γs] be a smooth family of null geodesics with [γ0] = [γ]. For s close to
0, there exists a smooth function τ : R → R such that γ′s(τ(s)) intersects f−1(0),
i.e. H(γs(τ(s))) is a local maximum. Suppose there exists t′s 6= τ(s) such that
H(γs(t
′
s)) is the global maximum of H ◦ γs for all s 6= 0. Then H(γs(t′s)) converges
to 0 for s → 0 since G([γ0]) = 0. Property 3) in Definition 2.5 implies t′s → t0.
This contradicts the transversality of f−1(0) to the (−δ, δ) component near γ′(t0).
Therefore for all s close to 0 H(γs(τ(s))) is a global maximum.
It follows that G is smooth near [γ0].
Clearly ∂NK = G−1(0). Moreover dG 6= 0 in a neighbourhood around ∂NK :
Let [γ] ∈ ∂NK with γ(t0) ∈ ∂K. To show that dG 6= 0 near ∂K, consider a family
of null geodesics γs with γ0 = γ such that G([γs]) = H(γ(ts)). Then
dG
(
d
ds
|s=0 [γs]
)
=
d
ds
|s=0 H(γs(ts)) = dH(J(t0)) d
ds
|s=0 (ts),
where J(t) denotes the Jacobi field along γ0 generated by γs. Choosing a family of
null geodesics such that J(t0) is transverse to ∂K, it follows that dG 6= 0 near ∂K.
Using the implicit function theorem, this shows that ∂NK is smooth. 
Corollary 3.5. Let (N,h) be globally hyperbolic. Let i : M × [0, 1] → N be an
isotopy of embeddings such that ∂is(M) is strongly null convex. Assume there
exists an isotopy H : [0, 1]×N → R such that ∂is(M) = H−1s (0), Hs is regular near
∂is(M) and Hessh(Hs)(v, v) 6= 0 for all v ∈ L∂is(M). Then Ni∗0h is diffeomorphic
to Ni∗1h.
Proof. Since [0, 1] is compact, it suffices to show that Ni∗0h is diffeomorphic toNi∗h for some  > 0. Let U be a neighbourhood of ∂Ni0(M). Choose  > 0 such
that ∂Nis(M) ⊂ U for all s ∈ [0, ]. Recall that Nh(U) denotes the set of null
geodesics intersecting U . Assume that for every s ∈ [0, ], Hs(is(M) ∩ U) > 0 and
H(U \ is(M)) < 0. Define the map
G : [0, 1]×Nh(U)→ R
(s, [γ]) 7→ sup
p∈γ
Hs(p).
The proof of Lemma 3.4 implies that Gs is smooth for every s ∈ [0, ]. Moreover
G is smooth in s since H is smooth in s.
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Let g be a Riemannian metric on N . An isotopy between ∂i0(M) and ∂i(M)
is given by Φs|∂i0(M), where Φs : U → U denotes the projection of the time-s map
of the time dependent vector field gradg(Hs) to U . Since ∂is(M) is compact [11,
Chapter 8,Theorem 1.3] implies that Φ|∂i0(M) extends to a diffeotopy with compact
support on N . This diffeotopy maps i0(M) diffeomorphically onto i(M). 
Next we want to analyse the characteristic foliation of the boundary of NK for
some strongly null convex K ⊂ N .
First note that for any spacetime (M, g) the contact structure in Ng has an
interpretation in terms of Jacobi fields as explained in [20] and [1]: Let [J ] ∈ TNg
and (−, ) 3 s 7→ [γs] be a curve in Ng with dds |s=0[γs] = [J ]. For every smooth
choice of representatives γs defines a variation of null geodesics. Hence dds |s=0γs
defines a Jacobi field along γ0. Changing the representatives of [γs] this Jacobi field
changes by a term parallel to γ′0. Thus [J ] can be identified with an equivalence
class of Jacobi fields along γ0 defined by a variation of null geodesics and differing
by a term parallel to γ′0. Furthermore since [J ] is defined by geodesic variations
containing only null geodesics one has g(∇dtJ, γ
′
0) = 0 which implies that g(J, γ′0) is
constant along γ0. The contact structure on Ng can be written as
ξg([γ]) = {[J ] ∈ T[γ]Ng|g(J, γ′) = 0}.
Note that due to the observations above this expression is well defined and does
not depend on the choice of representatives.
Since K is strongly null convex, ∂NgK is determined by the null vectors tangent
to ∂K, i.e. [γ] ∈ ∂NgK if and only if γ′ is tangent to ∂K at a unique point.
Lemma 3.6. The characteristic foliation of ∂NgK is determined by the equivalence
classes of Jacobi fields [J ] with initial conditions
J(0) ∈ ((γ′(0))⊥ ∩ T∂K)
∇
dt
J(0) ∈ (γ′(0))⊥,
where J ∈ [J ] ∈ T[γ]∂NK and (γ′(0))⊥ := {v ∈ Tγ(0)N |h(v, γ′(0)) = 0}.
Proof. Let γ be a null geodesic with γ′(0) ∈ T∂K. As described above the tangent
space T[γ]∂NgK can be identified with equivalence classes of Jacobi fields along γ
that arise from variations of null geodesics tangent to ∂K. Thus an equivalence
class in this tangent space is uniquely determined by a Jacobi field J with the initial
conditions J(0) ∈ Tγ(0)∂K and ∇dtJ(0) ∈ (γ′(0))⊥. Since h(J, γ′) is constant along
γ one has J ∈ ξη ∩ T[γ]∂NK if and only if J(0) ∈ (γ′(0))⊥. 
Remark. If K is not relatively compact, there can be null geodesics in ∂NK that do
not intersect K. Consider (N,h) = (R×R×S1,−dt2 + gC) = (R×R×S1,−dt2 +
ds2+dθ2), where θ denotes the angle of a point in S1 ⊂ R2 with respect to the vector
(1, 0). Let K = R × (−1, 1)× S1. Then K is causally simple since (−1, 1)× S1 is
geodesically convex in (R × S1, gC). Moreover NgK is an open subset of Nh. The
null geodesics in N are up to parametrisation of the form (s, γ(s)), where γ is a
geodesic for (R × S1, gC). Every point in (R × S1, gC) lies on two closed geodesics,
all other geodesics are complete and intersect (−1, 1)× S1. Thus all null geodesics
in N intersect K except for the geodesics starting outside of K such that γ(s) is
closed. Hence NgK = Nh.
Proof of Proposition 2.7. We first show that the set L∂K of future pointing null
vectors tangent to ∂K is smooth. Let H be defined like in the proof of Lemma 3.4.
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Consider the map
F : LN → R2
v 7→ (H(pi(v)), dH(v)),
where pi : LN → N denotes the projection map. Then L∂K = F−1(0). Let v ∈
L∂K and γv be the geodesic with γ′(0) = v. Then
d
dt
|t=0(H(pi(γ′v(t)), dH(γ′v(t))) = (0,Hessh(H)(v, v)) 6= 0.
If γs is a variation of null geodesics with γ′s(0) = v such that
d
ds |s=0γs(0) is trans-
verse to ∂K one has
d
ds
|s=0H(pi(γ′s(0))) = dH(
d
ds
|s=0γs(0)) 6= 0.
This implies that dF is surjective near L∂K, i.e. L∂K and therefore L∂K/R>0 are
smooth. Let [γ] ∈ ∂NK with γ(0) ∈ ∂K. Take a globally hyperbolic neighbourhood
V around γ(0) with Cauchy hypersurface Σ such that γ(t0) ∈ Σ and the part of
γ′(t0) tangent to Σ lies in STΣ. Then NV ∼= STΣ is an open neighbourhood of
[γ]. The map σ is the restriction to ∂NK ∩ NV of the diffeomorphism from NV to
STΣ. Hence the maps σ is a diffeomorphism and σ ◦ pi is smooth.
Recall that the boundary of K can be divided into the timelike part TK , consist-
ing of the points where h|∂K is a Lorentzian metric, the spacelike part SK where
h|∂K is Riemannian and the remaining null part LK . Since ∂K is 2-dimensional,
for every p ∈ TK there are two independent lightlike directions in TP∂K. Moreover
there exists one lightlike direction if p ∈ LK and no lightlike direction if p ∈ SK .
Let [J ] ∈ T[γ]∂NgK for some [γ] with γ(0) ∈ ∂K. Due to Lemma 3.6 [J ] ∈ ξ[γ] if and
only if J(0) ∈ (γ′(0))⊥ ∩ T∂K. Hence [γ] is a singular point of the characteristic
foliation if and only if γ(0) ∈ LK since then Tγ(0)∂K = (γ′(0))⊥. If Y ∈ Γ(T∂NgK )
defines the characteristic foliation and [γ] is not singular, Y[γ] projects to the tangent
vector of a lightlike curve through γ(0) on ∂K. 
Proof of Theorem 2.8. Since N is in particular stably causal, one can choose a
smooth time function τ : N → R with spacelike level-sets such that τ(K) > 0, i.e.
τ is a function with future pointing timelike gradient (see [22]). Due to Proposition
2.7 τ |∂K can be lifted to a smooth function T : ∂NK → R using the map σ : NK →
L∂K. Choose a contact form α for ξh and denote by β the restriction of α to
T∂NgK .
Claim: τ can be chosen such that Fdβ + β ∧ dF is a volume form. Then [5,
Lemma 2.10] implies that ∂NK is convex.
At the singularities of the characteristic foliation one has β = 0 and dβ 6= 0 since
α is a contact form. Hence in a neighbourhood U around the singularities the claim
is always true.
Let V ⊂ ∂NK be open such that ∂NK = V ∪ U and V does not contain singu-
larities. Choose Y1, Y2 ∈ Γ(TV ) so that Y1 spans the characteristic foliation and Y2
is tangent to the level sets of T and β(Y2) = 2. Note that Y1 and Y2 are transverse
since they project to a lightlike and spacelike vector field. Assume that T is strictly
increasing along the flow of Y1.
Then
Tdβ(Y1, Y2) + (β ∧ dT )(Y1, Y2) = Tdβ(Y1, Y2) + dT (Y1)
= −Tβ([Y1, Y2]) + dT (Y1).
Therefore
Tdβ + β ∧ dT > 0⇔dT (Y1)
T
= d(log(T ))(Y1) > β([Y1, Y2])
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Figure 1. Null geodesics at the boundary of a convex ball K in
Minkowski 3-space and the characteristic foliation of ∂NK .
and since ∂NK is compact and Y1 vanishes near the singularities
β([Y1, Y2]) < c <∞.
The vector field Y2 only depends on the level sets of τ , not on the value. Thus τ
can be rescaled without changing the level sets such that Tβ([Y1, Y2]) < dT (Y1).
Due to Lemma 3.6 the function T is strictly increasing along the leaves of the
characteristic foliation. In particular, there are no closed leaves since N is causal
and a closed leaf would project to a smooth closed lightlike curve in ∂K.

3.3. Proof of Theorem 2.9. Claim: NK is diffeomorphic to D2 × S1.
SinceK is strongly null convex Proposition 2.7 and Theorem 2.8 imply that ∂NK
is a convex torus with two circles of singularities. The contraction of K through
causally simple subsets induces a contraction of NK to the sky of a point in K.
Thus there exists a loop in ∂NK not null homologous that is contractible in Nh.
Dehn’s Lemma (see e.g. [3, Chapter XVI]) implies that there is an embedded disk
D ⊂ NgK such that ∂D ⊂ ∂NK is homotopic to that loop. Note that since NK
contracts to a circle, pi2(NK) = 0. Take a tubular neighbourhood U ∼= D × (−1, 1)
of D in NK . Then ∂(NK \ U) and ∂U are homeomorphic to a sphere. Since
pi2(NK) = 0 the Poincaré conjecture proven by Perelman (see [25, 26, 27]) implies
that U and NK \ U are diffeomorphic to a ball.
It follows that NK is obtained by gluing two closed balls at two disjoint discs on
their boundary, i.e. NK ∼= D2 × S1.
Theorem 2.8 implies that ∂NK is a convex torus. The characteristic foliation
has two circles of singularities that lie in the homotopy class of the skies, i.e. they
are in the homotopy class of a generator of pi1(∂NK). Given a transverse contact
vector field Y , the number of circles in ΓY has to be even and there is no leaf of the
characteristic foliation connecting to circles in ΓY (see [6]). Moreover a contractible
dividing curve would imply that the contact structure on Nh is overtwisted (see [6,
Theorem 4.8.13]) which contradictsNh being contactomorphic to the standard tight
contact structure on a spherical co-tangent bundle. This implies that there exist
exactly two dividing circles parallel to the circles of singularities.
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[14, Theorem 8.2] states that there is a unique contact structure on the solid
torus whose boundary is convex and has this characteristic foliation.
Let B3(0) be the open unit ball in R1,2. Then ∂NB3 is a convex torus divided by
the same curves as ∂NK . Due to Theorem 2.3 NB3 is contact star-shaped in NR1,2
for a contact vector field Y . By definition Y is transverse to ∂NB3 . The Giroux
flexibility theorem in [7] allows to isotope ∂NB3 to a solid torus T ⊂ NR1,2 such
that ∂T has the same characteristic foliation as ∂NK . Moreover T can be chosen
such that ∂T is in an arbitrary small neighbourhood around ∂NB3 . Then Y is also
transverse to ∂T and T is contact star-shaped in NR1,2 , i.e.
(T, ξR1,2 |T ) ∼= (ST ∗R2, ξst).
Together with [14, Theorem 8.2] this finishes the proof of Theorem 2.9.
Remark. The techniques of the proof only work if (N,h) is 3-dimensional. One
major difficulty is to determine the diffeomorphism type of NK . Methods that are
recently developed in [16] or [13] could be used to generalise Theorem 2.9 to higher
dimensions.
4. The characteristic foliation and conformal classes
In this section we construct a Poincaré return map for the characteristic foliation
on ∂NK for strongly null convex subsets K ⊂ R1,2. The conjugacy class of this
map can be used by applying Proposition 2.10 to distinguish different conformal
classes on K.
For this section assume that K satisfies the conditions of Theorem 2.9, i.e. the
timelike part of ∂K is diffeomorphic to R×S1 and the lightlike part of ∂K consists
of two embedded circles that are the boundary of the timelike part in ∂K.
Lemma 4.1. Let Y be a non vanishing vector field on T2 and let (Γθ)θ∈S1 be a
foliation by smoothly embedded circles transverse to Y . Then the flow of Y defines
a smooth Poincaré return map on each leaf of the foliation. The return map of
every leaf is in the same (smooth) conjugacy class of circle maps.
Proof. Write p ∈ T2 as p = (Γθp(ϕp), θp), where θp, ϕp ∈ S1. One has to show that
for fixed θ0 ∈ S1 and p0 ∈ Γθ0 the flow of Y returns to Γθ0 in finite time. Define
f0 : R → [0, 1]
t 7→ θΦYt (p0),
where ΦYt denotes the flow of Y and we identify S1 ∼= [0, 1]/{0, 1}. Since S1 is
compact and Y is always transverse to Γθ one has
f ′0(t) = dθ(Y (Φ
Y
t (p0)) > c > 0.
Hence there exists a t0 <∞ such that fp(t0) = fp(0). Rescaling Y one can assume
that dθ(Y (ΦYt (p0)) = 1. Then the return map of every leaf is the same. Scaling
the vector field Y by a positive function does not change the conjugacy class. 
Denote the Poincaré return maps defined in Lemma 4.1 by ΦY,Γθ and their
conjugacy class by [ΦY,Γ].
Proposition 4.2. Let (Γθ)θ∈S1 be a foliation of ∂NK by smoothly embedded circles
containing the two circles of singularities. There exists a non-vanishing vector field
Y ∈ Γ(T∂NK ∩ ξη) which is transverse to all Γθ.
Proof. Proposition 2.7 implies that the map σ : ∂NK → L∂K/R>0 is a diffeo-
morphism. Denote by pi : L∂K/R>0 → ∂K the projection map. The circles
pi(σ(Γθ)) define a foliation of TK ∪ LK by embedded circles. Let v, w be a frame
of L∂K/R>0. Then v = v1 + v2 and w = w1 + w2, where v1(p), v2(p) ∈ Tp∂K and
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v2(p), w2(p) ∈ T (LpN/R>0). Assume that v1 is tangent to the foliation pi(σ(Γθ)).
Since LpN/R>0 is 1-dimensional one can assume that w2 = v2. Note that for a
vector field X on L∂K the pullback σ∗X is Legendrian if and only if dpi(X) is
lightlike. Moreover v1|TK and w2|TK are a frame of TK and w2|LK = 0.
Let X1 : L∂K → R be a smooth function such that X1(p) = 0 if and only if
σ−1(p) is a singularity of the characteristic foliation. The equations
η(X1v1 +X2w1, X1v1 +X2w1) = 0
X21 +X
2
2 = 1
define a smooth function X2 : L∂K → R .
Then X := X1v + X2w satisfies that dpi(X) = 0 and X has no zeroes. Hence
Y := σ∗X defines a smooth non-vanishing vector field on ∂NK contained in ξη. 
Remark. i) All vector fields with the same property differ from Y by multi-
plication with a smooth positive function. The existence of Y implies that
the Euler characteristic of ∂NK vanishes, i.e. it has to be homeomorphic
to the torus.
ii) The conjugacy class of the Poincaré return map of the circles of singularities
is determined by the lightlike curves on ∂K.
Let [γ] ∈ ∂NK with γ(0) ∈ TK . Then Y[γ] is an equivalence class of
Jacobi fields defined by a variation of null geodesics γs such that γs are
tangent to ∂K and dds |s=0γs is parallel to γ′(0). Due to Proposition 2.7 the
flow of Y projected down to TK consists of lightlike curves on ∂K. Through
each point in TK run up to re-parametrisation exactly two lightlike curves
determined by the two lightlike geodesics tangent to this point. Furthermore
each point of LK is the endpoint of two different lightlike curves on ∂K. The
Poincaré return map of a singular circle can then be obtained by following a
smooth lightlike curve from one circle in LK to the second circle and going
back along the second lightlike direction to the first circle.
Lemma 4.3. Let ψ : Nη → Nη be a contactomorphism. Then [ΦY,Γ] = [Φdψ(Y ),ψ(Γ)].
Proof. The contactomorphism ψ maps the characteristic foliation of ∂NK to the
one of ψ(∂NK) and the circles of singularities to circles of singularities. Moreover
dψ(Y ) is a non-vanishing vector field contained in ψ∗ξη on ψ(∂NK). Let Γ0 be a
circle of singularities. Let p ∈ Γ0 and q = Φ(p)Y,Γ0 . Then ψ(q) = Φ(p)dψ(Y ),ψ(Γ0).
Therefore Φ(p)Y,Γ0 = ψ−1 ◦ Φ(p)Y,Γ0 ◦ ψ. 
Consider a smooth strictly convex function f : (−1 − 1, 1 + 2) → R≤0 with
f ′′ > 0, f ′(−1) = −1 and f ′(1) = 1 for some 1, 2 > 0. Assume that lim
t→−1−1
f(t) =
lim
t→1+2
f(t) = 0. Moreover assume that the surface of revolution defined by rotating
the graph of f lying in the (x, t)-plane in R1,2 around the t-axis is smooth. Denote
by Kf the open subset of R1,2 such that its boundary is this surface of revolution.
Lemma 4.4. The set Kf is strongly null convex.
Proof. Since f is strictly convex, the set Kf is strictly convex in R3. Therefore
every null geodesic in R1,2 intersects Kf only once, i.e. NKf is an open subset of
Nη. Moreover every null geodesic tangent to ∂Kf intersects ∂Kf in a unique point.
Consider the regular function H given in standard coordinates (t, x, y) by
H(t, x, y) := −f(t)− x2 − y2.
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Then for t ∈ (−1− 1, 1 + 2) one has ∂Kf = H−1(0). The Hessian
Hessη(H) =
 −f ′′ 0 00 −2 0
0 0 −2

is negative definite. 
Remark. The properties f ′(−1) = −1 and f ′(1) = 1 implies that LKf = {−1} ×
{Bf(−1)(0)}∪{1}×{Bf(1)(0)}. Furthermore TKf is the surface of revolution defined
by f |(−1,1). In particular the space of null geodesics of Kf only depends on f |(−1,1).
Proposition 4.5. The Poincaré return map of a singular circle in ∂NKf is con-
jugate to a rotation with angle
2
1∫
−1
√
1− (f ′)2
f
dt.
Proof. Since TKf is rotational symmetric, the Poincaré return map of a circle in
LKf does not depend on the choice of starting point and has to be a rotation. The
tangent space for p ∈ TKf is spanned by ∂∂θ and
f ′(t)
(
cos(θ)
∂
∂x
+ sin(θ)
∂
∂y
)
+
∂
∂t
,
where θ denotes the angle of the polar coordinate in the slices of constant time.
Let γ be a lightlike curve on ∂Kf with
γ′ = γ′1
∂
∂θ
+ γ′2
(
f ′(t)
(
cos(θ)
∂
∂x
+ sin(θ)
∂
∂y
)
+
∂
∂t
)
.
Then
η(γ′, γ′) = (γ′2f
′)2 + (γ1f)2 − (γ′2)2 = 0.
Parametrising γ with time one gets
(f ′)2 + (γ′1f) = 1.
Since f is strictly convex one has (f ′|(−1,1))2 < 1 and f < 0. Furthermore γ′1(t0) = 0
if and only if t0 = ±1. W.l.o.g. assume γ′1 > 0. Then
γ′1 =
√
1− (f ′)2
f
.
Thus the rotation number of the Poincaré return map is twice the angle covered by
γ which is
2
1∫
−1
√
1− (f ′)2
f
dt.

Example. Consider Kf for f(x) = − 14nx2n + 14x2 − c, where c > 12n is fixed.
Changing c, the angle 2
1∫
−1
√
1−(f ′)2
f dt can take any value in (0, 2pi]. Hence for
every angle one can find an f such that the Poincaré return map of Kf is conjugate
to a rotation by that angle.
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Example. Let C be a causal diamond in R1,2, i.e. the domain of dependence of
the open unit disc in {0} × R2. Then C is globally hyperbolic since {0} × D2 is
a Cauchy hypersurface in C. This implies that its space of null geodesics NC is
contactomorphic to (ST ∗R2, ξst). Its boundary are the fibres of ST ∗R2 over the
unit circle in {0} × R2. Hence the boundary has a foliation by Legendrian circles.
Write p ∈ ∂NC as p = (θ, ψ), where θ, ψ ∈ S1 ∼= [0, 1]/{0, 1}. Then for fixed  ∈ R
the circle
{(θ, θ + )} ⊂ ∂NC
is transverse to the Legendrian circles. Moreover two of the circles consist of sin-
gularities of the characteristic foliation. The Poincaré return map of these singular
circles is the identity.
The examples above provide various strongly causal subsets of R1,2 that are
diffeomorphic to a ball but not conformally equivalent as Lorentzian manifolds. On
the other hand the conjugacy class of the Poincaré return map defined above does
not uniquely determine the conformal class of the metric. For suitable choice of
the convex function f the Poincaré return map defined above can be conjugate to
the identity map. In this case Kf is not conformal to the causal diamond since it
is not globally hyperbolic.
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